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Transformations of integrable hydrodynamic chains
and their hydrodynamic reductions
Maxim V. Pavlov
Abstract
Hydrodynamic reductions of the hydrodynamic chain associated with dispersion-
less limit of 2+1 Harry Dym equation are found by the Miura type and reciprocal
transformations applied to the Benney hydrodynamic chain.
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1 Introduction
Solutions of integrable hydrodynamic chains and 2+1 quasilinear systems can be found
by the method of hydrodynamic reductions (see, for instance, [6], [8]). Suppose some
hydrodynamic chain is given. Then one can seek hydrodynamic reductions for this hy-
drodynamic chain by the aforementioned method of hydrodynamic reductions or by ∂¯
approach (see [2]), for instance. Thus, hydrodynamic reductions of a dispersionless limit
of 2+1 Harry Dym equation can be found directly by the Hamiltonian approach applied
for the Kupershmidt hydrodynamic chain (see [14] and [15]) or by ∂¯ approach (see [18]).
However, in this paper we concentrate on re-calculation of hydrodynamic reductions of
hydrodynamic chains related by Miura type and reciprocal transformations. It means
that we use already known hydrodynamic reductions of the Benney hydrodynamic chain
(see [2], [11], [19]) for reconstruction of hydrodynamic reductions for a dispersionless
limit of 2+1 Harry Dym equation.
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Thus, this paper is devoted to the construction of hydrodynamic reductions common
for 2+1 quasilinear systems (dKP, dmKP, 2+1 Harry Dym) related by the Miura type
and reciprocal transformations (see [3], [4], [5], [16], [17]).
Let us recall (see [7]) that the Benney hydrodynamic chain (see [1])
Akt = A
k+1
x + kA
k−1A0x, k = 0, 1, 2, ... (1)
satisfies the Gibbons equation
λt − µλx =
∂λ
∂µ
[
µt − ∂x
(
µ2
2
+ A0
)]
, (2)
where the equation of the Riemann mapping is given by the asymptotic series
λ = µ+
A0
µ
+
A1
µ2
+
A2
µ3
+ ... (3)
The inverse asymptotic series
µ = λ−
H0
λ
−
H1
λ2
−
H2
λ3
− ...
yields an infinite series of polynomial conservation law densities Hk(A
0, A1, ..., Ak), where
the generating function of conservation laws is given by
µt = ∂x
(
µ2
2
+ A0
)
. (4)
Since the transformation Hk = Hk(A
0, A1, ..., Ak) is invertible, the Benney hydrodynamic
chain can be written in the conservative form
∂tH0 = ∂xH1, ∂tHn = ∂x
(
Hn+1 −
1
2
n−1∑
k=0
HkHn−1−k
)
, n = 1, 2, ... (5)
Lets us apply the generating function of the Miura type transformations (see [12])
µ = p+B0
to the above series (see also [4], [17]). A deformation of the Riemann mapping determined
by the asymptotic series
λ = p+B0 +
B1
p
+
B2
p2
+
B3
p3
+ ... (6)
satisfies the modified Gibbons equation
λt − (p+B
0)λx =
∂λ
∂p
[
pt − ∂x
(
p2
2
+B0p
)]
, (7)
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where a dynamics of the coefficients Bk is given by the modified Benney hydrodynamic
chain
Bkt = B
k+1
x +B
0Bkx + kB
kB0x, k = 0, 1, 2, ... (8)
Remark: The comparison of two asymptotic series (3) and (6)
p+B0 +
B1
p
+
B2
p2
+
B3
p3
+ ... = p +B0 +
A0
p+B0
+
A1
(p+B0)2
+
A2
(p+B0)3
+ ...
yields explicit polynomial Miura type transformations Ak(B0, B1, ..., Bk+1), k = 0, 1, 2, ...
The relationship between 2+1 Harry Dym equation and the KP equation was estab-
lished in [16] (see also [3]). Let us recall this link between corresponding hydrodynamic
chains (see [5]). The hydrodynamic chain connected with a dispersionless limit of 2+1
Harry Dym equation is (see, for instance, [3])
Cky = (C
−1)2Ck+1z + (k + 1)C
k+1C−1C−1z , k = −1, 0, 1, 2, ... (9)
A deformation of the Riemann mapping
λ = C−1q + C0 +
C1
q
+
C2
q2
+
C3
q3
+ ... (10)
is given by the Gibbons equation
λy − q(C
−1)2λz =
∂λ
∂q
[
qy − ∂z
(
q2(C−1)2
2
)]
. (11)
This hydrodynamic chain has the first conservation law
∂y
1
C−1
= ∂z(−C
0).
Under the reciprocal transformation
dx =
1
C−1
dz − C0dy, dt = dy (12)
the hydrodynamic chain (9) reduces to the hydrodynamic chain (8); the Gibbons equation
(11) reduces to the Gibbons equation (7); the equation of the Riemann mapping (10)
reduces to the equation of the Riemann mapping (6), where the generating function of
the Miura type transformations is
p = C−1q
and the Miura type transformations are (see [5])
Bk = Ck(C−1)k, k = 0, 1, 2, ...
The Benney hydrodynamic chain is well known. Plenty hydrodynamic reductions (see
for instance, [2], [11], [19]) are found many years ago. Below we show links with hydro-
dynamic reductions of hydrodynamic chains connected by the Miura type and reciprocal
transformations with the Benney hydrodynamic chain.
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2 Modified Benney hydrodynamic chain
For instance, the Zakharov hydrodynamic reductions (see [19])
ait = ∂x
[
(ai)2
2
+ A0
]
, bit = ∂x(a
ibi), A0 =
N∑
n=1
bn (13)
of the Benney moment chain (1) are connected with the equation of the Riemann surface
λ = µ+
N∑
n=1
bn
µ− an
.
Let us rewrite the above formula in the form
λ = µ+
bi
µ− ai
+
∑
k 6=i
bk
µ− ak
, (14)
where the index i is fixed. Substituting the Taylor series
µ(i) = ai +
bi
λ
+
ci(a,b)
λ2
+
di(a,b)
λ3
+ ...
in (4), one can obtain an infinite series of conservation laws at the vicinity of each puncture
µ(i) = ai. The Benney hydrodynamic chain (5) is determined for k > 0. Let us extend
this hydrodynamic chain in the negative direction. Then the negative part of the Benney
hydrodynamic chain is given by
∂tH−1 = ∂x
[
(H−1)
2
2
+H0
]
, ∂tH−k−1 =
1
2
∂x
[
k∑
m=0
H−m−1Hm−k−1
]
, k = 1, 2, ...,
where H−1 ≡ a
i, H−2 ≡ b
i, and the above hydrodynamic type system
akt = ∂x
(
(ak)2
2
+H−2 +
∑
n 6=i
bn
)
, bkt = ∂x(a
kbk), k = 1, 2, ... , N , k 6= i,
∂tH−1 = ∂x
(
(H−1)
2
2
+H−2 +
∑
n 6=i
bn
)
, ∂tH−2 = ∂x(H−1H−2)
is connected with the equation of the Riemann surface (see (14))
λ˜ ≡ λ(i) =
H−2
µ−H−1
+ µ+
∑
k 6=i
bk
µ− ak
. (15)
Since the first moment of the modified Benney chain B0 ≡ H−1, the equation of the
Riemann surface for the corresponding hydrodynamic reduction
ukt = ∂x
(
(uk)2
2
+B0uk
)
, bkt = ∂x[(B
0 + uk)bk], k = 1, 2, ... , N , k 6= i,
B0t = ∂x
(
(B0)2
2
+H−2 +
∑
n 6=i
bn
)
, ∂tH−2 = ∂x(B
0H−2)
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of the modified Benney hydrodynamic chain is given by
λ =
H−2
p
+B0 + p+
∑
k 6=i
bk
p− uk
,
where uk = ak − B0; the generating function of the Miura type transformations is p =
µ− B0.
3 Dispersionless 2+1 Harry Dym equation
Finally, let us apply the reciprocal transformation (see (12))
dz = H−2dx+B
0H−2dt, dy = dt (16)
to the above hydrodynamic type system.
Then the equation of the Riemann surface for the corresponding hydrodynamic reduc-
tion
u¯ky = ∂z
[
(u¯k)2
2
(C−1)2
]
, b¯ky = ∂z
(
C−1u¯kb¯k
)
, k = 1, 2, ... , N , k 6= i,
C0y =
(
1 +
∑
n 6=i
b¯n
)
C−1C−1z + (C
−1)2
∑
n 6=i
b¯nz , C
−1
y = (C
−1)2C0z
of a dispersionless limit of 2+1 Harry Dym equation is given by
λ = C−1q + C0 +
1
q
+
∑
k 6=i
b¯k
q − u¯k
,
where C0 ≡ B0, C−1 ≡ H−2, b¯
k = bk/H−2, u¯
k = uk/H−2; and the generating function of
the Miura type transformations is p = qC−1.
Let us rewrite the equation of the Riemann surface (14) for the Zakharov hydrody-
namic reduction (13) in the form (see [13])
λ = p
N∏
k=1
p− ck
p− uk
,
where B0 ≡ H−1 =
∑
(un − cn). Application of the reciprocal transformation (16) yields
another hydrodynamic reduction of a dispersionless limit of 2+1 Harry Dym equation
u¯ky = ∂x
[
(u¯k)2
2
(C−1)2
]
, c¯ky = ∂x
[
(c¯k)2
2
(C−1)2
]
, k = 1, 2, ..., N,
where C−1 ≡ H−2 =
∏
(un/cn) ≡
∏
(u¯n/c¯n). The corresponding equation of the Riemann
surface is given by
λ = q
N∏
k=1
1− q/c¯k
1− q/u¯k
.
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Let us start from the waterbag reduction (see [9] and [10])
akt = ∂x
[
(ak)2
2
+
N∑
n=1
εna
n
]
, k = 1, 2, ..., N
of the Benney moment chain (1)
λ = µ− εi ln(µ− a
i)−
∑
k 6=i
εk ln(µ− a
k),
∑
εn = 0.
Let us identify H−1 ≡ a
i, where the index i is fixed. Then the above hydrodynamic type
system
akt = ∂x
[
(ak)2
2
+ εiH−1 +
∑
n 6=i
εna
n
]
, k = 1, 2, ... , N , k 6= i,
∂tH−1 = ∂x
[
(A−1)2
2
+ εiH−1 +
∑
n 6=i
εna
n
]
is connected with the equation of the Riemann surface (cf. (15))
λ˜ ≡ λ(i) =
1
µ−H−1
∏
k 6=i
(µ− ak)−εk/εi exp
µ
εi
.
Since the first moment of the modified Benney chain B0 ≡ H−1, the equation of the
Riemann surface for the corresponding hydrodynamic reduction
ukt = ∂x
(
(uk)2
2
+B0uk
)
, k = 1, 2, ... , N , k 6= i,
B0t = ∂x
(
(B0)2
2
+
∑
n 6=i
εnu
n
)
,
of the modified Benney chain is given by
λ =
H−2
p
ep/εi
∏
k 6=i
(
1−
p
uk
)−εk/εi
.
Finally, let us apply the reciprocal transformation (16), where
H−2 = e
B0/εi
∏
k 6=i
(uk)−εk/εi .
Then the equation of the Riemann surface for the corresponding hydrodynamic reduction
u¯ky = ∂z
[
(u¯k)2
2
(C−1)2
]
, k = 1, 2, ... , N , k 6= i,
C−1y = (C
−1)2∂z
(∑
n 6=i
εn ln u¯
n
)
,
6
of the dispersionless limit of 2+1 Harry Dym equation is given by
λ = C−1q −
∑
n 6=i
εn ln
1− u¯n/q
u¯n
.
All other hydrodynamic reductions of the Benney moment chain can be re-calculated into
hydrodynamic reductions of (9) in the same way.
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